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Whispering-Gallery Modes and Permeability Tensor
Measurements in Magnetized Ferrite Resonators

Jerzy Krupka, Pierre Blondy, Dominique Cros, Pierre Guillon, Senior Member, IEEE, and Richard G. Geyer

Abstract—Whispering-gallery modes in axially magnetized fer-
rite disk samples have been studied using rigorous Rayleigh-Ritz
and finite-element analyses. The influence of radial magnetization
on the resonant frequencies of both WGE and WGH modes was
investigated, both theoretically and experimentally. Permeability
tensor components c]f biased ferrites were determined from mea-
surements of the resonant frequencies of the WGH.OO and the
WGEnOO mode families,

I. INTRODUCTION

A NUMBER OIF papers have recently been published on
whispering-gadlety modes in dielectric resonators and

their applications [1]–[8]. These modes are of particular in-
terest at millimeter-wave frequencies and for extremely high-
Q device applications [7], [8] since conductor losses are
negligible for resonators operating at high azimuthal mode
numbers. This paper gives a resonant frequency analysis of
biased ferrite resonators using both the Rayleigh-Ritz [9]
and, finite-element method (FEM). In particular, whispering-
gallery modes in magnetized ferrite resonators are studied. The
results demonstrate that all permeability tensor components
of microwave ferrites can be derived from measurements
of identified whispering-gallery-mode resonant frequencies
versus static mametic field bias of the ferrite disk resonator
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Fig. 1. Schematic diagram of resonant structure under analysis. Perfect
conductor wall is assumed at the top of the structure for computations.
Dimensions shown correspond to dimensions of strncture used in experiments.

under test.

II. THEORY

The model of the resonator under analysis for a uniform
axial static magnetic field bias is illustrated in Fig. 1. The
dimensions and pmrnittivity of the resonant structure used
in experiments are also shown in Fig. 1. Rayleigh–Ritz [9]
and finite-element [10] analyses are used for computations
of the resonant frequencies. In the Rayleigh–Ritz method,

125 rotational and 80 potential basis functions of an empty
cavity were used, whereas in finite-element analysis, a mesh

with 351 elements was employed. Nedelec’s second-order
polynomial interpolation [11 ] was applied to represent the H.

and Hz magnetic field components on the same geometrical
element; Lagrange’s second-order polynomial was employed
to represent the rHd component. These dual polynomial
interpolation representations of the field components do not
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generate spurious (nonphysical) solutions that can otherwise
occur with pure Lagrangian polynomial elements.

The static magnetic field interior to a ferrite disk situated

axially in an external magnetic field is not spatially uniform,
especially in the region close to its lateral surface. This nonuni-
formity arises from demagnetization effects. Demagnetization
is important and should not be neglected unless the ferrite
is saturated. The mesh for finite-element analysis that takes
demagnetization into account is given in Fig. 2. The ferrite

resonator is subdivided into two regions in which the radial
static field components are oppositely directed, while the axial
static field components are in the same direction. A radial
static field leads to two additional off-diagonal components in
the permeability tenso~

These have opposite signs in the upper (~U) and lower (~1)
subregions.
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Fig. 2. Finite-element analysis mesh foranalysis of resonant structure with
radial magnetization.

III. WHISPERING-GALLERYMODES IN A MAGNETIZEDDISK

Computed values of resonant frequencies for the WGH400
and WGE400 modes are given in Fig. 3 for various assumed
values of the permeability tensor components in a magnetized
disk. These calculations were obtained with the Rayleigh–Ritz
method. A uniform longitudinal (axial) bias was also assumed.
The K and F components have much greater influence on the
resonant frequencies of the WGH mode family than on those
of the WGE mode family. The magnetic field for WGH modes
is similar to TM modes. On the other hand, the pZ component
significantly affects resonant frequencies of the WGE mode
family. Because the WGH mode family resonance curves for
p, = 0.95 and ~Z = 1 differ by only a few megahertz, they
are not presented here. The same results apply for higher-

order azimuthal mode numbers. WGH400 mode magnetic field
distributions are evaluated using finite-element analysis for

three cases: ~ = O, ~ = –0.25, and K = +0.25. These
three cases are illustrated in Figs. 4–6 and correspond to a
demagnetized ferrite disk resonator and a magnetized ferrite
disk resonator with two (right and left) circular polarizations
of the rf field. Significant differences in the magnetic field
distributions between these cases are observed. Similar com-
putations of the magnetic field distribution were performed for
the WGH400 modes, but exhibited only small differences and
are not given here.

Resonant frequency computational results for the WGH400
and WGE400 modes are summarized in Table I for various
values of the off-diagonal components of the permeability
tensor in the presence of an additional radial bias. If the
static magnetic field bias is axially directed, the average radial
magnetization in the upper and lower parts of the ferrite disk
resonator (whose static permeability is greater than one) is
oppositely directed in the radial coordinate. This corresponds
to the resonant frequencies marked with asterisks in Table I.
The resonant frequency split due to radial magnetization is
about five times smaller for the WGH400 modes than for the
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Fig. 3. Theoretical dependence of WGH400 and WGE40,] mode resonant
frequencies on permeability tensor components for axially magnetized ferrite
disk having parameters given in Fig, 1. WGH400 mode family curves for
p. = 0.95 and p= = 1,00 overlie each other with scale of this figure.
Dimensions of the resonant structure are given in Fig, 1,

Fig. 4. Distribution of the magnetic field (modulus of ~) computed using
finite element analysis for the WGH400 mode of ferrite resonator with
K = O, u = 1, and pz = 1. Mesh division of structure is given in Fig. 2.

WGE400 modes. On the other hand, the resonant frequency
split due to axial magnetization is about 20 times larger for
the WGH400 modes than for the WGE400 modes.

IV. PERMEABILITY TENSOR COMPONENT MEASUREMENTS

Both cavity and dielectric ring resonator techniques have
been used for permeability tensor measurements at frequencies
less than 10 GHz [12]–[ 15]. Although these techniques may
be employed for permeability tensor measurements at higher
frequencies, accuracy suffers. There are several reasons for
this decrease in measurement accuracy. Firstly, the Q-factor
for metal cavities and dielectric resonators becomes lower
with increasing frequency. Secondly, the sa~mple dimensions
become smaller with increasing frequency. Therefore, the use
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Fig. 5. Distribution of the magnetic field (modulus of E) computed using
finite element analysis for the WGH400 mode of ferrite resonator with
~ = —0.25, # = 1, and p= = 1. Mesh division of structure is given in
Fig. 2.

Fig. 6. Distribution of the magnetic field (modulus of H) computed for the
WGH400 mode of ferrite resonator with & = +0.25, # = 1, and pz = 1.
Mesh division of structure is given in Fig. 2.

of whispering gallery modes for permeability y tensor mea-
surements at frequencies greater than 10 GHz becomes quite

attractive since their Q-factors depend principally on the
intrinsic ferrite material losses. The ferrite sample dimensions

also remain reasonably large, even for frequencies up to 100
GHz.

In this paper we propose that permeability tensor compo-
nents of longitudinally magnetized ferrites be determined from
measurements of WGHnoo and WGEmoo resonant frequencies
as a function of static magnetic field bias on circular disk
samples. A polycrystalline yttrium iron garnet (YIG) ferrite
sample, having a saturation magnetization ikf~ = 140 kA/m,

TABLE I
WGH400 AND WGE4011 MODE RESONANTFREQUENCIESVERSUS

OFF-DIAGONAL COMPONENTSOF PERMEABILITYTENSORFOR

NONUNIFORMBIAS. (U = Ed = p= = 1.0. REMAINING
PARAMETERSOF RESONANTSTRUCTUREARETHE SAMEAS IN FIG. 1)

K
f (GHz) f (GHz)

v WGH400 wGE400
0.00 0.00 19.887 20.350
0.00 –0.10 19.896 19.970

0.00 +0. 10 19.888 20.757
–0.25 0.00 19.110 20.247

–0.25 –0.10 19.127* 19.868*
–0.25 +0.10 19.106 20.651
+0.25 0.00 21.161 20.384
+0.25 –0.10 21.091 20.014

+0.25 +0.10 21.239* 20.780”

was used in the experiments reported here. The dimensions
and permittivity of the ferrite resonator are given in Fig. 1.
The sample was biased in the air gap of a large electromagnet
and rf-excited with adjustable coupling loops connected to an
automatic network analyzer. Measurement results are shown in
Figs. 7–9. The behavior of the WGHnoo resonant frequencies
is very similar to resonant frequencies of lower-order modes
in a cavity or dielectric ring resonator partially filled with a
magnetized ferrite sample [14], [16]. A large split between

WGEnoo resonant frequencies is observed that corresponds to
modes polarized in opposite directions in a partially magne-
tized sample. Typically, a sample is only partially magnetized
when the external static magnetic induction field is 0.05–0.3
T. Table I shows that this phenomenon is due to nonuniform
static magnetization of the sample in the vicinity of its lateral
surface. For large external magnetic field biases (above 0.4 T),
the sample is saturated and the behavior of WGEnoo resonant
frequencies is the same as that expected for a sample that has a
uniform longitudinal bias. Comparison of measured right- and
left-circularly polarized WGE400 resonant frequency splitting

for a partially saturated sample with the computational results
given in Table I demonstrates that the frequency split due to
radial magnetization for the WGH400 does not constitute more
than 2–3910of the resonant frequency split arising from axial
magnetization. Hence, two components of the permeability
tensor may be determined from measurements of the resonant
frequencies of two oppositely polarized WGHnoo modes. The
third component ~z can be ascertained from the average of two
WGEnoo mode resonant frequencies. Computations of K and ~
are made from rigorous evaluations of WGHnoo mode resonant
frequencies for a given ~ and ~. These evaluations are made
by applying the Newton iteration method to the eigenvalue
equations

~l(lk K .fwGH+) = O

~z(~, K, fwGH_) =0 (2)

where fwGH+and j~G~– are the resonant frequencies cor-
responding to the two WGHmoo modes and F1 and F2 are
functions whose’ values are computed using the Rayleigh–Ritz
technique for the given resonant structure.

Since computations of F1 and F2 are time-consuming,
we computed them for only a certain number of K and p
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Fig. 7 Measuredresonant frequencies of axially magnetized yttrium iron
garnet disk versus external static magnetic induction for WGH400 and
WGE400 mode families, Dimensions of resonant structure are given in Fig, 1.
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Fig, 8, Measured resonant frequencies of axially magnetized yttrium u-on
garnet disk versus external static magnetic mductlon for WGH500 and
WGE50n mode famdies Dlmenslons of resonant structure are gwen m Fig, 1,

values. Two-dimensional second-order polynomial interpola-

tion was then used to evaluate F1 and Fz for other values
of ~ and F. For each bias, the values of fi and p, were

computed as solutions to the system of (2) at a reference

frequency. This reference frequency was taken to be the
average of the minimum and maximum frequencies of the

oppositely polarized WGH.OO modes with a fixed azimuthal

mode number. The frequency dependence of K and p. was

taken into account in this procedure. For a ferrite above

saturation, frequency corrections were made with the well-

known Polder relations describing the frequency dependence
of K and ~. For partially saturated ferrites, frequency correc -
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Fig 9 Measured resommt frequencies of amally magnetized yttrium n-on
garnet disk versus external static magnetic mductlon for WGH600 and
WGE600 mode famihes Dlmenslons of resonant structure are gwen m Fig, 1.

tions were made using the expressions given by Green and
Sandy [14].

The resonant frequencies of the WGE modes depend
strongly on p,, (Fig. 3). C)nce & and /, are known, /Lz may

be determined from

where F3 is the corresponding eigenvalue equation and where

~kGE ~, is the average of the two oppositely polarized

WGEnoo mode resonant frequencies measured at the same
bias for which h: and p were computed.

Computational results of the magnetic permeability tensor
components from the measurement data shown in Figs. 7–9 are
given in Figs. 10–12 for different azimuthal mode numbers.
Since changes in //,, are small over the range of applied static
field bias, It. computations are only presented for the lowest
azimuthal mode number, n, = 4. The dependent of the tensor
magnetic permeability components with static field bias is
similar to that measured at lower frequencies [12]–[ 16]. Scalar
permeability values corresponding to no static bias agree quite
well with values that can be determined from Scholemann’s
formula [16].

For ferrites under test that have low saturation magnetiza-
tions, magnetic losses are too small to be measurable at low
bias field levels (far from ferromagnetic resonance). The Q-
factor of the WGH600 mode, with an external bias below 0.3 T
applied to the polycrystalline YIG sample, was approximately
4800 at 25 GHz and was essentially constant as a function
of magnetization. Since conductor losses can be neglected for
whispering-gallery-mode resonators, the dielectric loss tangent
of the YIG ferrite was found to be 2.0 x 10–~ at 25 GHz.

V. SUMMARY

Accurate computations of the resonant frequencies of
whispering-gallery modes in axially magnetized ferrites
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Fig. 10. Permeability tensor components of yttrium iron garnet versus static
extemrd magnetic induction at the reference frequency equal to 21.5 GHz.
Data computed from measurements of resonant frequencies for WGILOO and
WGE400 mode families.
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Fig. 11. Permeabilityy tensor components of yttrium iron garnet versus static
external magnetic induction at the reference frequency equal to 24.0 GHz.
Data computed from measurements of resonant frequencies for WGH500
mode family.

may be performed with Rayleigh–Ritz and FEM. Resonant
frequency changes due to sample radial magnetization can
also be modeled using the FEM.

Whispering gallery modes may be used for the determina-
tion of the permeability tensor at frequencies between 20–100
GHz, where the accuracy of cavity and dielectric ring resonator
measurements is limited. Measurements at several different
frequencies can be performed with the use of a single sample.

Resonant frequencies for the WGEmoo modes of a partially
magnetized ferrit(e disk sample placed in an axially directed ex-
ternal magnetic field bias are strongly affected by sample radial
magnetization. Radial magnetization arises from a nonuniform
static magnetic field distribution near the lateral surface of
the ferrite disk. Resonant frequencies of the WGHnoo modes,
however, remain almost unchanged.
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Fig. 12. Permeability tensor components of yttrium iron garnet versus static
external magnetic induction at the reference frequency equal to 25.0 GHz.
Data computed from measurements of resonant frequencies for WGH600
mode family.
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